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In recent years the properties of intermittency and stochastic localization of impurity in randomly moving
media have been intensively studied both theoretically and experimentally (see, for example, [1-6]). It
has already been established (see, for example, [1, 5]) that the principal mechanism of localization is
related to the presence of a divergent component of the velocity field of the medium, which arises when
there is inertial motion of the particles {7]. Correspondingly, it is assumed below that the impurity velocity
field possesses both a vortical and divergent component; the field itself is described by Kraichnan’s model
[8] with a specified correlation tensor. '

An analysis of the properties of impurity localization needs appropriate methods of statistical
description. One such method, which is based on an analysis of the mean density around an arbitrarily
chosen particle (henceforth we shall call this the tagged particle) and the conditional distribution of
relative diffusion of particles, is proposed below. On the basis of the proposed analysis it becomes possible
to calculate the means mass and specific sizes of clusters and to trace how the form of the clusters changes
depending on the ratio of the divergent and vortical components of the particle velocities.

1. THE MEAN DENSITY AROUND THE TAGGED PARTICLE

The most effective method of providing a statistical description of the intermittency and stochastic
localization of an impurity in a turbulent medium is to investigate the Lagrangian statistical characteristics
of the impurity (see, for example, [9-12]). The mean density around the tagged particle, which will be
be introduced below, is one of a variety of Lagrangian characteristics of the impurity.

Consider the density of an impurity particle of unit mass

n(z,1;§,5) = 8(X(§+s,0)-X(§ 1) -2) (L.1)

Here X(§, t) are the actual coordinates of the tagged particle, s are the coordinates of the remaining
particles in a Lagrangian system of coordinates with centre at the point § where the tagged particle is
located, and z are the Eulerian coordinates, measured from the tagged particle situated at the point
X(&, 1) at the current instant 7. In this paper we take the particle coordinates at the initial instant
¢ = ( as the Lagrangian coordinates. In particular

X(§,0) =& X(&+s,0)=E&+s

Suppose the initial density around the tagged particle ny(s) is known. Then, from relation (1.1) we
have the following mean density around the tagged particle

(n(2,1;8)) = [8(z; & s, Ong(s)ds (1.2)
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This relation involves the distribution of the vector joining two particles
8(z; 85,1 = (d(X(E+s5,0)-X(&,1)~2), g(2:&5,1=0) = d(s~2)

If the random field of the impurity velocity v(x, ¢) is statistically uniform, the dependence on § in
equality (1.2) vanishes and this equality takes the form

(n(z,0) = [g(z; s, hng(s)ds 13)

Suppose the equation for the distribution of the relative diffusion g(z, s, f) is known
d0g/ot = Lg, g(z;s,t=0) = d(z-5s) 1.4)

where & is some operator in the space z. Then the mean density around the tagged particle conforms
to Cauchy’s problem

3(n)dt = L(n), (n(z,t=0)) = ny(z) (15)

The mean density around the tagged particle enables one to judge the masses and characteristic sizes

of the cluster. We shall show this using the example of the steady density of the cluster around the tagged
particle

ny(z) = lim (nc(z, [3)] (1.6)

If the mean impurity density is uniform, (n(x, #)) = ng, the above-mentioned steady density around the
tagged particle conforms to the boundary-value problem

Sant(z) =0, nst(Z)hz[__)w = ny (1.7)

The condition at infinity takes into account the fact that the remaining clusters make up a “background”
with a mean density ny. An excess of the cluster density over the mean density is specified by the function

F(z) = ny(z)-ny
We will define the mean mass of the cluster by the function
M = [F(2)dz (1.8)

The function %(z), which specifies the particle distribution around the centre of the cluster, will be called
the mean profile of the cluster. The mean profile is not identical with %(z), since the tagged particle
may be located at any point of the cluster. This fact is expressed by the equality

F(z) = (G(z-12yp) (1.9)

where 2, is the coordinate of tagged particle in the system of coordinates with origin at the cluster
centre. It is natural to take a distribution of coordinates of the tagged particle, over which the averaging
is carried out in equality (1.9), in the form

g(z) = G(2)/M
Expanding the mean in (1.9) using this distribution, we arrive at an integral equation in the mean
profile of the cluster »
G(z) ®%9(z) = MF(z)
In the case of an isotropic medium let us find a steady solution of Eq. (1.5) using Kraichnan’s model
[10]. We recall that in Kraichnan’s model it is assumed that the velocity field of the turbulent medium

is 8-correlated in time, and the correlation tensor of the velocity field v(x, 7) of the medium is assumed
to be specified by the relation

(VX DV(x+2,t+1)) = D,;(2)8(7)
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This formulae includes the diffusivity tensor of the field of particle velocities

2
D,,(2) = -8,AA () + aa [A.(2) - Ay(2)]

expressed in terms of scalar fields responsible for the divergent part of the velocity (4,,) and its vortical
part (4,).
With;n the framework of Kraichnan’s model Eq. (1.5) takes the form (see, for example, [12])

d(n) N
5 = n aTi—aZj[B,-j(z)(nC)], B(z) = 9;(0) - D;(2) (1.10)

In addition to the turbulent fluctuations of the velocity field of the medium, this equation takes into
account the molecular diffusion of particles with molecular diffusivity 1, which plays a principal role
when analysing the evolution of the impurity density (see, for example, the monograph [13], where the
role of molecular diffusion when describing impurity density fluctuations is discussed in detail).

For a radially symmetric distribution g = g(z, ¢), Eq. (1.10) becomes

o{n) 2 3 419
5 = e (550 + P+ Ep(n )1+ Q) | (1.11)
Here
d’A dA
Py(2) = PZ(Z) +D,, E2) = (d- 1)[1 «2) +95,_,]
dz dz
(1.12)
1dAp(z)) dEy(2)
0() = (@~ (1=r2)- T2
d is the dimensionality of the space, and the following asymptotic expansion is used
4
Z
Aep(2) = A, (0)-53, , 24 B -... (2-0) (1.13)

Wthh specifies a nature of the coefficients %, , in relations (1.12). It is also assumed that the functions
«,p(2) satisty the condition of attenuation of the correlations with distance and tend to zero quite rapidly
as z — oo, which ensures convergence of the integrals which arise below.
The steady density n,(z) (1.6) is subject to the boundary-value problem (1.7)

d '
"‘1‘2[(” + P" -+ E")nst] + Qnst = 0, nSI(O) = O, nst(°°) = no

and has the following solution

_ T___dP@)
ny(z) = noexp{ju TF0)+ E"(y)} (1.14)

Here

P(z) = AA,(2) +d9D 1 d( a-144,(2)

» = z—d:—ldﬁz Z dZ )+d9bp (115)

We will discuss the physical meaning of the functions in expression (1.14) by splitting the field of the
particle velocities into divergent and vortical parts

v(x, 1) = V(x, 1)+ 0°(x, 1)
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Suppose the parallel correlation functions of the velocities are known
By(z,0) = (v 7(x,1) D(V*P(x+2,1+0) 1)), 1=z
They specify coefficients of turbulent diffusion
Dj(z) = 2[B[(z, 0)d®, Dj(z) = 2[By(z 0)do
0 0

The corresponding coefficients of relative diffusion occur in the denominator of the integral in equality
(1.14):

Py2) = D,-Dj(2), Eyz) = (d-1)D,-Dy(2)

The function P(z) in the numerator of this integral has a similar meaning. We will show this by a
determining the mean of the scalar product

B (z,1) = (V/(x,1)- ¥ (x +12,1+ 1))
The corresponding coefficient of relative diffusion is
P(z) = dD,-D"(2), D,(2) = 2[B’(z )t
0
This coefficient is connected with the coefficient of parallel relative diffusion of the divergent part
of the velocity field by Obukhov’s relation

P@) = Py + L= [Pyay (1.16)
0

Thus, from relation (1.14) it can be seen that the greater the total energy of the divergent part of
velocity field the stronger the localization, and the greater the parallel coefficients of relative diffusion
of the divergent and vortical parts, the weaker the localization.

We will investigate the form ng(z) by writing expression (1.14) as

ar(y)
W+ Py(y) + Ey(y)

ny(z) = Nepo } N = ny(0) (1.17)
0

Suppose [, is the internal scale of turbulence of the field v(x, ¢). If z < /, the following asymptotic forms
hold
d-1 1 d+?2
Ey@) =%%=B,2", Pya)=3B,2, P()="F=B,7 (1.18)
Here we have used expansions (1.13) and relations (1.12) and (1.16). Substituting expressions (1.18)
into equality (1.17) we obtain

P x
n,(z) = N z (1.19)
o [lf+ By+d- l)zz]
where
2 _ 6p _5 (d+2)y
ln - e, 'Y - Be, X = 3'Y+d“l (120)
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We will investigate the effect of competition between the divergent and vortical components of the
velocity field on the steady density (1.14). To do this we will introduce the following dimensionless
functions and dimensionless parameters

o = L2,

and rewrite expression (1.14) as follows:

) 7 dp(y)
ny(z) = ”OCXP[BJ‘V +0p(y) + e“(}’):]

Hence it can be seen that when d < 1 the steady density is in fact equal to some d-independent function
to the power &

ng(z) = nOpS(Z), p(z) = exp“\—l—%-pel“)%—)} (1.21)

In particular, the maximum steady density around the tagged particle is equal to

)
N = nyp°(0)

We will estimate the quantity p(0) assuming ey (z) = p(z). As a result, from expression (1.21) for p(z)
we obtain the estimate p(0) = Pe = D/, that 1s,

N = ny(Pe)®

Here Pe is the Peclet number of the Vortlcal component of the impurity velocity.
If, for example, Pe ~ 10 and & ~ 107, then N ~ 10n,, that i is, for these parameters of the turbulence
the density inside the cluster is only one order of magnitude greater than the mean density.

2. A PROBABILISTIC INTERPRETATION

We recall that not only the mean density around the tagged particle, but also the distribution of the
distances between the particles g(z, ¢) satisfies Eq. (1.11). The normalized solution of Eq. (1.11), i.e.
which satisfies the equality

fg(z; Hdz = 1

specifies the distribution of the distances between particles. Unlike the mean density, the density
gz, ) — 0 as ¢ — o, since the particles, finally, fall into different clusters and diffuse independently.
Nevertheless, when the Peclet number is large, particles form quasistable pairs, which govern the
localization. The specific features of the behaviour of such pairs of particles can be studied under the
assumption that for any z the asymptotic forms (1.18) hold.

We find the steady distribution of the distances between the particles by rewriting expression (1.19)
in a somewhat different from

8a(y) = < T V= 15 (2.1)
[1+By+d-1)y"]

Here C is a normalizing constant. If C > 0, a steady distribution exists. Physically this means that the
“attraction” between particles in the cluster is so great that they are not dispersed. If C = 0, the particles
may be dispersed to as large a distance as desired.

The case C > 0 will be called superlocalization. From relation (2.1) it can be seen that its existence
depends on the exponent y. The latter is specified by the parameter vy, which expressed the relative
contribution of the divergent part of the particle velocity. It can be shown that C > 0 if 2y > 4, that
is, if

¥>d(d-1)/(4-d)
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The analysis of distribution (2.1) of the distance between particles enables one to judge the
characteristic form of the clusters and its variation as the parameter yincreases. We will discuss in detail
the two-dimensional case (d = 2), which occurs for a floating impurity. Then the quantity g«(y) in Eq.
(2.1) is a two-dimensional distribution of the coordinates {yy, y,} of the dimensionless vector y, which
joins two particles.

Note that distribution (2.1) of the components of the vector y does not decompose into the product
of distributions only for y, and only for y,. Hence, the components of the vector y are statistically
dependent.

We will examine some features of the dependence mentioned above. We write the unconditional

distribution of the component y;
7.2
§10) = [8aly +y))dy

Substituting g,(y) (2.1) into this equation and evaluating the integral we obtain

JrT(g - 172)[1+ 3y + 1)y°T*

g () = f(gz;; y); fo,y) =

The statistical dependence of the components of the vector y means that the distribution of the
component y; is not equal to its conditional distribution g;(y|y,) obtained under the condition that y,
has a specified value. Calculations for the case y, = 0 give

£, (y10) = f(§74%_1’ y) (2.3)

Note that the conditional distribution (2.3) is also positive when the unconditional distribution (2.2)
vanishes identically: if the distribution g((y) > 0 only when v > 1, then g;(y|0) > 0 while y > 1/5. The
latter is explained by the strong anisotropy of the clusters of particles, which arises owing to the fact
that there are preferred directions along which the particles are “attracted” more strongly than in other
directions.

We will demonstrate this by the simplest model. Let us take the unit vector

m = i;coso +1i,sina

where iy and i, are the basis vectors of a Cartesian system of coordinates and o is the angle that specifies
the orientation of the vector m. We will construct the conditional distribution g(y| o) of the components
of the vectory y under the condition that the predominant direction of localization is perpendicular to
the vector m:

glylo) = 6(m - y)y(y) (2.4)

The first factor takes into account the localization in a direction normal to the vector m, and the second
factor accounts for the isotropic “remaining” localization in all directions. We will choose the factors
so that the mean of conditional distribution (2.4) over the angle o gives distribution (2.1)

n

1

5= | 8(ylondor = g (7) 25)
-

This is actually so if
1 1
o(m-y)~ ———, Y~ (2.6)
I+x(m-y) (1 +xy")

Let us average equality (2.5) over the angle o.. Noting that

11t do. 1
I

— -
211:_"1 +x(m-y) 1 4xy?
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we return to steady distribution (2.1), where
d=2, x=p+1/2 (x=3y+1)

Therefore, we have the following transformation of the form of the cluster as the parameter ychanges.
When

p>12=yx>1=y>1

the radially symmetric factor (2.6) predominates in conditional distribution (2.4), whereas the cluster
is approximately isotropic with characteristic size /,. Such clusters will be called circles. This case
corresponds to superlocalization and reveals the geometrical essence of this concept: under
superlocalization conditions the cluster sizes are of the order of [, ~ v WB,, and the clusters themselves
are in fact isotropic. If

O<p<1=>1/2<x<1=>1/5<y<1

the clusters have a prolate form. We shall call these filamenis. As before, the thickness of the filaments
is of the order of /, while the length is determined by the external turbulence scale L,. When

p<0=0<y<1/2=20<y<1/5

the effective sizes of the clusters in all directions are of the order L,. These clusters will be called
protoclusters.

Hence, when crossing the thresholds y = 1/5 and y = 1 there are peculiar kinds of phase transitions:
the form of the cluster changes from protoclusters to filaments, and then to k circles.

In the three-dimensional case we shall restrict our consideration to listing the regions of vy axis, which
correspond to different forms of clusters, obtained from an analysis of conditional distributions. This
is the regime of superlocalization

32<y=y>6
which corresponds to compact nearly isotropic clusters, and also the regimes
1<x<3/2=1<y<6
12<y<1=2/T<y<1
x<1/2=v<2/7

3. LOCALIZATION OF A FLOATING IMPURITY

Up to now the ratio of the divergent and vortical parts of the particle velocity was assumed to be arbitrary.
However, for particles floating on the surface of an incompressible fluid the quantity vy takes a well-
defined value. We shall show this by discussing the simplest model of a floating impurity. Suppose the
impurity moves along a plane inside a turbulent medium and the velocity of the impurity particles is
equal to a projection of the statistically uniform three-dimensional turbulent velocity field onto this
plane. We will obtain the steady density of such a “floating” impurity by noting that the two-dimensional
potentials of the divergent and vortical parts of the impurity velocity are related to the vortical potential
of three-dimensional motion by the equalities

NAlz) = AANR), Al -4k = Al G.1)
The potential A%(z) describes the correlation properties of the d-dimensional velocity field and A% s

the d-dimensional Laplacian.
We will find functions that specify the steady solution

P }
n z) =n exp[ 32)
‘ ’ Ju+Pﬁw+Eﬁw

4
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From relations (1.15) and (1.3) we have

P2) = (A - aD)Ad() + D) = %Eﬁ(z) (3.3)
Here formulae (1.12) have been taken into account. Hence, according to expression (3.3), the function
P%(z), which is responsible for the localization of floating impurity, is equal to half the longitudinal
coefficient of relative diffusion E7 (z) of the three-dimensional vortical velocity field. Let us find what
the denominator of the 1ntegranci in formula (3.2) is equal to. By relations (1.12) and (3.1) we have

Pl(2)+ Ej(2) = E(2) (3.4)

Substituting expressions (3.3) and (3.4) into equality (3.2) and changing to dimensionless parameters,

we find
_ 1+Pe 2@e _ Eﬁ(Z)
84(2) = }mc—;(-z‘), Pe = T, e(z) = E (3.5)

Expression (3.5) enables us to study in detail the properties of localization of a floating impurity. We
will do this in the model case of a Gaussian correlation function

2
e(z) = 1-exp “'Z_EJ
2I,

Substituting this expression into formula (3.5) and changing to the dimensionless coordinate y = z/l,,
we obtain

1 Pe

84(¥) = =—=, N =
1+Pe
N1-me” 12

We will calculate a mean mass of the cluster defined by formulae (2.5)

M = nof[lgu(2) - 11d’

Using the radial symmetry of the mean density, we will have

M = ‘MJ.{ - l}dx = Mm(Pe)
N1-nme™
M = ngrl’ m(Pe) = ln(4+i)—2arctg /—-—1——
o™ e Pe 1+Pe

Note that, whereas the maximum mean density around the tagged particle increases as a square root
of the Peclet number, the mean mass of the cluster tends to a limit that is independent of the Peclet
number:

m(Pe) = Ind— 2 + O(FIE) (Pe — =)

JPe

In addition, we note that solution (3.5) corresponds to the boundary case y = 1/5. The latter means
that the characteristic form of clusters of floating impurity is some mixture of fibres and protoclusters.
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